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We investigate the influence of the Hartree-Fock self-energy, acting as an effective magnetic field,
on the anomalous D’yakonov-Perel’ spin relaxation in InAs (110) quantum wells when the magnetic
field in the Voigt configuration is much stronger than the spin-orbit-coupled field. The transverse
and longitudinal spin relaxations are discussed both analytically and numerically. For the trans-
verse configuration, it is found that the spin relaxation is very sensitive to the Hartree-Fock effective
magnetic field, which is very different from the conventional D’yakonov-Perel’ spin relaxation. Even
an extremely small spin polarization (P = 0.1%) can significantly influence the behavior of the spin
relaxation. It is further revealed that this comes from the unique form of the effective inhomoge-
neous broadening, originated from the mutually perpendicular spin-orbit-coupled field and strong
magnetic field. It is shown that this effective inhomogeneous broadening is very small and hence
very sensitive to the Hartree-Fock field. Moreover, we further find that in the spin polarization
dependence, the transverse spin relaxation time decreases with the increase of the spin polarization
in the intermediate spin polarization regime, which is also very different from the conventional sit-
uation, where the spin relaxation is always suppressed by the Hartree-Fock field. It is revealed that
this opposite trends come from the additional spin relaxation channel induced by the HF field. For
the longitudinal configuration, we find that the spin relaxation can be either suppressed or enhanced
by the Hartree-Fock field if the spin polarization is parallel or antiparallel to the magnetic field.
PACS numbers: 72.25.Rb, 71.70.Ej, 73.21.Fg
I. INTRODUCTION
For the sake of potential spintronic application, the
spin dynamics in semiconductor quantum wells (QWs)
has been extensively studied in the past decades.1–9
Among these studies, the spin relaxation is one of the
most important problems. In n-type semiconductor
QWs, it has been understood that the spin relaxation is
limited by the D’yakonov-Perel’ (DP) mechanism.2,7,10
Very recently, it has been further reported by Zhou et
al. that in the framework of the DP mechanism, the spin
relaxation time (SRT) τs and the momentum relaxation
time τ∗p show anomalous scalings in InAs (110) QWs un-
der a strong magnetic field B in the Voigt configuration
satisfying |g|µBB ≫ 〈|Ωz(k)|〉 (g is the effective Lande´
factor).11 There, the effective magnetic field reads (~ ≡ 1
throughout this paper)12–17
Ω(k) =
(
Ω, 0, γDkx(k
2
x − 2k2y − 〈k2z〉)/2
)
, (1)
with γD, k = (kx, ky) and Ω ≡ gµBB standing for the
Dresselhaus coefficient,18 electron momentum and Zee-
man magnetic field, respectively. Due to the unique form
of the effective magnetic field, by varying the impurity
density, the transverse (longitudinal) spin relaxation can
be divided into four (two) regimes: the normal weak scat-
tering regime (τs ∝ τ∗p ), the anomalous DP-like regime
(τ−1s ∝ τ∗p ), the anomalous Elliott-Yafet- (EY-)like19,20
regime (τs ∝ τ∗p ) and the normal strong scattering regime
(τ−1s ∝ τ∗p ) (the anomalous EY-like regime and the nor-
mal strong scattering regime).11
In the work of Zhou et al., the spin polarization P is ex-
tremely small (P = 0.1% in their work) and the predicted
spin relaxations can only be measured by the spin-noise
spectroscopy.21,22 However, this extremely small spin po-
larization can be hardly resolved by optical orientations,
such as the photo-luminescence2,23,24 and Faraday/Kerr
measurements.3,7,8,25–27 Therefore, it is essential to study
the anomalous DP spin relaxation beyond the extremely
small spin polarization. When larger spin polarization
is considered, it was theoretically predicted7,28 and then
experimentally verified29–31 that the Hartree-Fock (HF)
self-energy, acting as an effective magnetic field,
ΩHF(k) = −
∑
k′
Vk−k′Tr[ρk′σ], (2)
with Vk−k′ being the screened Coulomb potential, can
efficiently suppress the conventional DP spin relaxation.
Similarly, here in the anomalous DP spin relaxation, the
HF effective magnetic field is expected to cause rich and
intriguing physics. Specifically, by noting that under the
strong magnetic field, in the anomalous DP-like regime,
the effective inhomogeneous broadening32 is extremely
small (about 0.1% as large as the one in the absence
of the strong magnetic field),11 even a small spin polar-
ization (P ≈ 0.1% as revealed later) and hence a weak
HF effective magnetic field can significantly influence the
transverse spin relaxation. This marked suppression of
the spin relaxation by the HF magnetic field with such
small spin polarization P ≈ 0.1% is beyond expectation
and has not yet been reported in the literature.29–31
2In the present work, we utilize the kinetic spin Bloch
equations (KSBEs) to study the role of the HF effec-
tive magnetic field to the anomalous DP spin relaxation
in InAs (110) QWs.7 With the HF effective magnetic
field [Eq. (2)] explicitly included, when 〈|ΩHF(k)|〉 ≪
|Ω|, the transverse and longitudinal SRTs due to the
electron-impurity scattering in the strong scattering limit
[〈Ωeff(k)〉τk,2 ≪ 1] become,33
τ−1sz =
〈
Ω2eff(k)τk,2 +
Ωz(k)
2
τk,1
2(1 + Ω2τ2k,1)
〉
(3)
and
τ−1sx =
〈
Ωz(k)
2
τk,1
1 + [Ω + ΩHF(k)]2τ2k,1
〉
, (4)
respectively, with the effective inhomogeneous broaden-
ing being
Ωeff(k) ≡ |Ω2z(k)|/(2Ω
√
1 + Ω2HF(k)τ
2
k,2). (5)
Here, Ak = Ak − 12pi
∫
dφk Ak and the momentum relax-
ation time τk,l limited by the electron-impurity scattering
reads
τ−1k,l =
Ni
2pi
∫ 2pi
0
dφk−k′ |Vk−k′ |2(1− cos lφk−k′), (6)
with Ni being the impurity density.
These results are consistent with our recent work in
the three-dimensional spin-orbit-coupled ultracold Fermi
gas, with similar effective magnetic fieldcreated by the
Raman beams.33,34 However, in the two dimensional elec-
tron gas (2DEG) system, new features arise due to the
k-dependent Coulomb potential, which is different from
the contact potential, i.e., constant V in the cold atom
system.33,35–38 With the Coulomb potential, the HF ef-
fective magnetic field [Eq. (2)] is also k-dependent and
not exactly along the direction of the spin polarization
(In the cold atom system, ΩHF is always antiparallel to
the spin polarization33). Moreover, in the cold atom sys-
tem, both the momentum relaxation time (τ∗p ∝ V −2)
and the HF effective magnetic field (ΩHF ∝ V ) vary si-
multaneously when tuning the interatom interaction po-
tential by the Feshbach resonance.39 Here, in the 2DEG
system, the scattering strength and the HF effective mag-
netic field can be tuned separately by varying the impu-
rity density and the spin polarization. This provides a
platform to study the effects of the scattering and the
HF effective magnetic field to the anomalous DP spin re-
laxation, separately. Furthermore, by noting that in cold
atoms, when tuning the interatom interaction potential,
Ω2HFτ
∗
p is fixed, in the scattering potential dependence,
the transverse SRT contributed by the effective inhomo-
geneous broadening [Eq. (5)] in the anomalous DP-like
regime when |ΩHF|τ∗p ≫ 1 is independent of the scat-
tering potential. Here, we can utilize the 2DEG system
to study the contribution of the effective inhomogeneous
broadening in the anomalous DP-like regime to the trans-
verse SRT explicitly.
In this work, we find that for the transverse config-
uration, the effective inhomogeneous broadening is very
small and can be significantly suppressed by the HF field.
Hence the spin relaxation is very sensitive to the HF field
and even a small spin polarization can significantly in-
fluence the transverse spin relaxation. Specifically, with
P = 0.1%, the normal strong scattering regime in the
absence of the HF field vanishes and hence the whole
scattering is in the strong scattering limit. Interestingly,
a slightly further increase of the spin polarization with
P & 1%, the transverse SRT is divided into two rather
than four regimes: the anomalous EY-like regime and the
normal strong scattering regime. Moreover, it is found
that in the intermediate spin polarization regime, the HF
field can provide an additional spin relaxation channel,
and hence the transverse SRT decreases with the increase
of the spin polarization. On the other hand, the longitu-
dinal spin relaxation is again divided into the anomalous
EY and normal strong scattering regimes in the presence
of the HF field. It is further observed that the longitudi-
nal spin relaxation can be either suppressed or enhanced
by the HF effective magnetic field if the spin polarization
is parallel or antiparallel to the magnetic field.
This paper is organized as follows. In Sec. II,
we present the main results. In Sec. II A, we study
the influence of the weak HF effective magnetic field
[〈|ΩHF(k)|〉 ≪ |Ω|] on the spin relaxation in the impu-
rity density dependence of the SRT with different spin
polarizations. We compare the analytical and numeri-
cal results in detail with only the electron-impurity scat-
tering. We also discuss the situation with all the rele-
vant scatterings. In Sec. II B, we study the anomalous
spin relaxation under the strong HF effective magnetic
field [〈|ΩHF(k)|〉 > |Ω|] and present the spin polariza-
tion dependence of the spin relaxation. We summarize
in Sec. III.
II. RESULTS
The KSBEs are written as7
∂tρk(t) = ∂tρk(t)|coh + ∂tρk(t)|scat, (7)
in which ρk(t) represent the density matrices of elec-
trons with momentum k at time t. The coherent terms
∂tρk(t)|coh describe the spin precessions of electrons due
to the effective magnetic field Ω(k) and the HF self-
energy. The scattering terms ∂tρk(t)|scat include the
electron-impurity, electron-electron and electron-phonon
scatterings. The expressions for the coherent and scat-
tering terms can be found in Ref. 40.
In the numerical calculation, g = −14.3 (Ref. 41) and
γD = −27.3 eV A˚3.42 The other material parameters can
be found in Ref. 43. The temperature and the electron
density are set to be T = 30 K and Ne = 3× 1011 cm−2,
3respectively. We further set B = 4 T, with the condition
|Ω| ≫ 〈|Ωz(k)|〉 satisfied and the Zeeman splitting energy
being much smaller than the Fermi energy. Moreover, the
well width is set to be a = 5 nm, which is much smaller
than the cyclotron radius of the lowest Landau level.
With these material parameters, by varying the ini-
tial spin polarization and hence the HF effective mag-
netic field [Eq. (2)], both situations with weak HF ef-
fective magnetic field 〈|ΩHF(k)|〉 ≪ |Ω| and strong one
〈|ΩHF(k)|〉 & |Ω| can be realized. In Secs. II A and
B, we discuss the spin relaxation with weak HF effec-
tive magnetic field 〈|ΩHF(k)|〉 ≪ |Ω| and strong one
〈|ΩHF(k)|〉 & |Ω|, respectively.
A. Weak HF effective magnetic field
In this subsection, we discuss the spin relaxation with
weak HF effective magnetic field [〈|ΩHF(k)|〉 ≪ |Ω|]. In
Fig. 1, we plot the transverse and longitudinal SRTs
against the impurity density with different initial spin
polarizations. Below we first analyze the transverse and
longitudinal SRTs with only the electron-impurity scat-
tering and compare the numerical results with the ana-
lytical ones; then we discuss the genuine situation with
all the relevant scatterings.
1. Impurity scattering
In this part, we analyze the spin relaxation with only
the electron-impurity scattering. With weak HF effective
magnetic field [〈|ΩHF(k)|〉 ≪ |Ω|], for the transverse (lon-
gitudinal) spin relaxation, the HF effective magnetic field
acts as a rotating (static) magnetic field around (along)
the Zeeman field.33 In this situation, for the electron-
impurity scattering, which is elastic, the transverse (lon-
gitudinal) SRT is expressed in Eq. (3) [Eq. (4)]. We first
compare the numerical results with the analytical ones
from Eqs. (3) and (4). In Fig. 1, the numerical results
and the analytical ones are plotted as the green solid
and blue dashed curves with different spin polarizations.
It is shown that the numerical results agree fairly well
with the analytical ones in the whole scattering regime
for the transverse [Fig. 1 (a)] and longitudinal [Fig. 1 (b)]
SRTs. Accordingly, the underlying physics of the trans-
verse (longitudinal) spin relaxation with weak HF effec-
tive magnetic field can be understood facilitated with
Eq. (3) [Eq. (4)].
We first analyze the transverse spin relaxation
[Fig. 1(a)]. For reference, we present the SRT with the
extremely small spin polarization (P = 0.1%) in the ab-
sence of the HF effective magnetic field (shown by the
purple dashed curve with squares). It is shown that the
SRTs in this situation can be divided into four regimes:
I, the normal weak scattering regime; II, the anomalous
DP-like regime; III, the anomalous EY-like regime; IV,
the normal strong scattering regime (the boundaries are
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FIG. 1: (Color online) Transverse (a) and longitudinal (b)
SRTs with only the electron-impurity scattering (green solid
curves) and all the relevant scatterings (red chain curves)
against the impurity density with different initial spin po-
larizations. In (a) [(b)], the blue dashed curves represent the
analytical results calculated from Eq. (3) [Eq. (4)]. In the
calculation, the temperature is set to be 30 K, except for
the case plotted by the orange chain curve with dots is calu-
lated at 15 K, representing the transverse (longitudinal) SRT
with all the relevant scatterings when P = 0.1% (10%). The
purple dashed curve with squares in (a) represents the case
with P = 0.1% in the absence of the HF field. The Roman
numbers represent different regimes of the spin relaxation: I,
the normal weak scattering regime; II, the anomalous DP-like
regime; III, the anomalous EY-like regime; IV, the normal
strong scattering regime. The vertical black dashed lines in-
dicate the boundaries between different regimes for the trans-
verse (longitudinal) spin relaxation with P = 0.1% in the
absence (presence) of the HF field.
indicated by the vertical black dashed lines).11 When the
HF effective magnetic field is included for the situation
with P = 0.1% (0.5%), the transverse spin relaxation
seemingly can still be divided into four regimes, with the
SRT in Regimes I and II enhanced. When the spin po-
larizations are slightly beyond the extremely small spin
polarization (P = 0.1%), it is shown in Fig. 1(a) that
with P = 1%, the SRT is divided into two rather than
4four regimes. One also observes that with the increase
of the initial spin polarization, the anomalous DP-like
regime gradually disappears and the SRTs in Regimes I
and II are significantly enhanced; whereas the SRTs in
Regimes III and IV remain unchanged. These marked in-
fluences of such small spin polarizations (P = 0.1% and
1%) on the spin relaxation are well beyond expectation
[In conventional situation, the effects of the HF effec-
tive magnetic field become obvious only when P & 10%
(Refs. 29–31)]. Below we show that these intriguing phe-
nomena arise from the suppression of the unique effective
inhomogeneous broadening [Eq. (5)] by the HF effective
magnetic field.
We begin the analysis from the case with P = 0.1%.
When the HF effective magnetic field is included, the
SRT is still divided into four regimes, but the underly-
ing physics is very different from the case without the
HF field. One notes that when P = 0.1%, in Regime
I (II), 〈|ΩHF(k)|τk,2〉 & 1 [〈|ΩHF(k)|τk,2〉 ≪ 1] is satis-
fied. Accordingly, in Regime I, when 〈|ΩHF(k)|〉 & ΩcHF
[〈|ΩHF(k)|〉 ≪ ΩcHF] with
ΩcHF ≡ 〈|Ω2z(k)|〉/(2|Ω|), (8)
〈Ωeff(k)〉τk,2 ≈ 〈|Ω2z(k)|/|2ΩΩHF(k)|〉 is smaller (larger)
than 1, and hence the normal weak scattering regime is
absent (present). By noting that ΩcHF is extremely small
due to the strong Zeeman magnetic field, even with ex-
tremely small spin polarization P = 0.1%, the HF ef-
fective magnetic field can exceed ΩcHF and the normal
weak scattering regime vanishes. That is to say, when
P = 0.1%, the whole scattering regime is in the strong
scattering limit and all the behaviors of the transverse
SRT can be analyzed facilitated with Eq. (3).
Specifically, in Rigme I with 〈|ΩHF(k)|τk,2〉 ≫ 1, the
SRT
τsz ≈
〈
4Ω2ΩHF(k)τk,2
/
Ω2z(k)
2
〉
(9)
is proportional to the momentum relaxation time, show-
ing the EY-like behavior (Without the HF effective mag-
netic field, this behavior is understood due to the spin
relaxation channel provided by the momentum relax-
ation in the weak scattering limit11). In Regime II with
〈|ΩHF(k)|τk,2〉 ≪ 1, the SRT is still inversely propor-
tional to the momentum relaxation time, and can be en-
hanced due to the suppression of the effective inhomoge-
neous broadening [Eq. (5)] by the HF effective magnetic
field. In Regimes III and IV, the SRT is uninfluenced by
the HF effective magnetic field. Furthermore, the bound-
ary between Regimes I/II, II/III and III/IV can be de-
termined from Eq. (3). The position of the basin at the
crossover between I/II is determined by
τk,2 ≈ 〈|ΩHF(k)|〉−1, (10)
(instead of τk,2 ≈ 〈Ωeff(k)〉−1 in the absence of the HF
effective magnetic field11); the position of the peak at the
crossover between II/III is determined by
τk,1τk,2 ≈
〈
Ωz(k)
2
/
[2Ω2Ω2eff(k)]
〉
; (11)
the basin at the crossover between III/IV is determined
by
τk,1 ≈ |Ω|−1. (12)
One notes that from Eq. (10) [Eq. (11)], when the
HF effective magnetic field increases, the boundary be-
tween Regimes I/II (II/III) is shifted to the stronger
(weaker) scattering. Hence with larger spin polarization
P = 0.5%, the range of Regime II is significantly sup-
pressed. Furthermore, one expects that with the spin
polarization, and hence the HF effective magnetic field
large enough, Regime II may vanish. This phenomenon
arises in our situation with P = 1%. When P = 1%, in
Regimes I and II, by noting that 〈|ΩHF(k)|〉τk,2 & 1 is
satisfied, the SRT becomes
τsz ≈
〈
Ω2z(k)
2
/
[4Ω2Ω2HF(k)τk,2]
〉−1
, (13)
which shows the EY-like behavior. With the original
anomalous EY-like and normal strong scattering regimes
keeping unchanged, the spin relaxation is divided into
two regimes: the anomalous EY-like and normal strong
scattering regimes.
It is noted that when P . 0.02%, the condition
〈|ΩHF(k)|〉 ≪ ΩcHF is satisfied, and the normal weak scat-
tering regime still arises. The underlying physics then re-
turns to the one revealed in Ref. 11 with the HF effective
magnetic field absent.
Although weak HF magnetic field can have marked in-
fluence on the transverse spin relaxation, for the longitu-
dinal configuration, the situation is very different. Below
we analyze the longitudinal spin relaxation [Fig. 1(b)].
For reference, the SRT with an extremely small spin po-
larization (P = 0.1%) is plotted, which can be divided
into two regimes: III, the anomalous EY-like regime and
IV, the normal strong scattering regime.11 When the spin
polarization is large with P = 10%, the spin relaxation
also presents similar behavior to the situation with small
spin polarization, showing a basin with the increase of the
impurity density. Furthermore, compared with the situ-
ation with P = 0.1%, when the initial spin polarization
is parallel (antiparallel) to the external magnetic field,
the SRT is slightly enhanced (suppressed) in the anoma-
lous EY-like regime and unchanged in the normal strong
scattering regime. This is shown by the green solid curve
with squares (triangles) in Fig. 1(b) for the spin polariza-
tion parallel (antiparallel) to the external magnetic field.
These phenomena can be understood as follows.
With the weak HF effective magnetic field, from
Eq. (4), we conclude that the longitudinal SRT is divided
into two regimes with the boundary determined by
τk,1 = 〈|Ω+ ΩHF(k)|〉−1. (14)
Furthermore, one notes that the HF effective magnetic
field is parallel to the spin polarization [Eqs. (2)]. Hence
in the anomalous EY-like regime, with 〈|ΩHF(k)|〉 ≪ |Ω|,
when the spin polarization is parallel (antiparallel) to
5the external magnetic field, the total magnetic field
|Ω + ΩHF(k)| along the xˆ-axis is slightly enhanced (sup-
pressed) by the HF effective magnetic field. Accord-
ingly, from Eq. (4), in which |Ω + ΩHF(k)| appears in
the denominator, the SRT is enhanced (suppressed) in
the anomalous EY-like regime. For the spin relaxation
in the normal strong scattering regime, with weak HF
effective magnetic field [〈|ΩHF(k)|〉 ≪ |Ω|], the condition
|Ω + ΩHF(k)|τk,1 ≪ 1 is satisfied and hence the SRT is
unchanged by the HF effective magnetic field.
2. All relevant scatterings
In this part, we discuss the genuine situation with
all the relevant scatterings, which are evitable when
T = 30 K, included. The results are plotted as red
chain curves in Fig. 1 with different initial spin polar-
izations [In Fig. 1(a), the case with P = 0.5% is not
shown explicitly as it is very close to the case with
P = 0.1%]. For the transverse spin relaxation [Fig. 1(a)],
it is shown that when the electron-electron and electron-
phonon scatterings are included, with P = 0.1% (1%),
the SRT in Regimes I and II increases (decreases) slowly
with increasing impurity density; in Regimes III and
IV the SRT remains unchanged. This is because when
T = 30 K, when the impurity density is low (high),
the electron-electron (electron-impurity) scattering dom-
inates the momentum relaxation, and hence the SRT
with low (high) impurity density is determined by the
electron-electron (electron-impurity) scattering. Specifi-
cally, in the low impurity density limit, the momentum
relaxation time changes little by varying the impurity
density, and hence the SRT with P = 0.1% (1%) varies
slowly with the increase of the impurity density when
Ni . 0.01Ne. Therefore, to observe the different regimes
of spin relaxation in the impurity density dependence
clearly, one has to carry out the measurement at low tem-
perature with the electron-electron scattering being sup-
pressed. The situation with lower temperature T = 15 K
is shown Fig. 1(a) by the orange chain curve with all the
relevant scatterings when P = 0.1%, in which Regime II
is clearly revealed.
For the longitudinal spin relaxation [Fig. 1(b)], no mat-
ter the spin polarization is small with P = 0.1% or large
with P = 10%, when the electron-electron and electron-
phonon scatterings are included, in the anomalous EY-
like regime, the SRT decreases first slowly and then fastly
with the increase of the impurity density; in the normal
strong scattering regime, the SRT is unchanged. This is
understood that the electron-electron (electron-impurity)
scattering is dominant in the momentum relaxation when
the impurity density is low (high). In Fig. 1 (b), the SRT
at 15 K is also plotted by the orange chain curve with all
the relevant scatterings when the polarization is parallel
to the magnetic field with P = 10%.
B. Strong HF effective magnetic field
In this subsection, we discuss the spin relaxation with
the strong HF effective magnetic field [〈|ΩHF(k)|〉 & |Ω|].
In Fig. 2, the transverse and longitudinal SRTs are plot-
ted against the initial spin polarization with different
impurity densities Ni = 0.003Ne and 2Ne. One notes
that in the absence of the HF effective magnetic field,
when Ni = 0.003Ne (2Ne), the transverse spin relaxation
is in the anomalous DP-like (normal strong scattering)
regime [Fig. 1(a)]; the longitudinal spin relaxation is in
the anomalous EY-like (normal strong scattering) regime
[Fig. 1(b)]. Hence with different impurity density, we
can discuss spin relaxation in different regimes with the
strong HF effective magnetic field by varying the initial
spin polarization. Below we first analyze the transverse
and longitudinal SRTs with only the electron-impurity
scattering, in order to reveal the underlying physics for
the anomalous DP relaxation with strong HF effective
magnetic field. Then we discuss the genuine situation
with all the relevant scatterings.
1. Impurity scattering
In this part, we analyze the spin relaxation with only
the electron-impurity scattering. These results are plot-
ted as green solid curves in Fig. 2. We first ana-
lyze the transverse spin relaxation. In Fig. 2(a), when
Ni = 0.003Ne, it is very interesting to see that the
SRT shows a peak and a basin with the increase of
the initial spin polarization. Specifically, the suppres-
sion of the SRT with the increase of the spin polariza-
tion in the intermediate regime is very intriguing and
far beyond expectation (In conventional situation, the
SRT is always enhanced due to the suppression of the
inhomogeneous broadening by the HF field28–31). Ac-
cording to the relative magnitudes of the HF effective
magnetic field [BHF ≡ 〈|ΩHF(k)/(gµB)|〉] and the Zee-
man magnetic field, we further divide the spin relax-
ation into three regimes : (i): 〈|ΩHF(k)|〉 ≪ |Ω|; (ii):
〈|ΩHF(k)|〉 ∼ |Ω| and (iii): 〈|ΩHF(k)|〉 ≫ |Ω|. When
Ni = 2Ne, the SRT increases slowly with the increase
of the initial spin polarization. Below, we analyze the
situation with Ni = 0.003Ne and 2Ne, respectively.
For the transverse configuration, when Ni = 0.003Ne,
we first analyze the spin relaxation in the limit situations
with extremely weak [(i)] and strong [(iii)] HF effective
magnetic fields, and then focus on the situation with in-
termediate [(ii)] HF field. In Regime (i), the HF effective
magnetic field is extremely weak, and hence acts as a
rotating magnetic field around the Zeeman field.33 The
underlying physics has been addressed in Sec. II A, with
the SRT determined by Eq. (3). Accordingly, when the
spin relaxation is in the anomalous DP-like regime (when
the HF field is absent) with Ni = 0.003Ne, the SRT can
be significantly enhanced by the HF effective magnetic
field.
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FIG. 2: (Color online) Transverse (a) and longitudinal (b)
SRTs with only the electron-impurity scattering (green solid
curves) and all the relevant scatterings (chain curves) against
the initial spin polarization with the different impurity den-
sity Ni = 0.003Ne and 2Ne. With Ni = 2Ne, the case with
P ‖ xˆ is not shown explicitly as it is very close to the one
with P ‖ −xˆ; the cases with all the relevant scatterings in-
cluded are not shown either as they coincide with the ones
with only the electron-impurity scattering. According to the
relative magnitudes of the HF field and the Zeeman field, for
the case with Ni = 0.003Ne and only the electron-impurity
scattering included, three regimes are shown in (a), separated
by the vertical black dashed lines: (i): 〈|ΩHF(k)|〉 ≪ |Ω|;
(ii): 〈|ΩHF(k)|〉 ∼ |Ω| and (iii): 〈|ΩHF(k)|〉 ≫ |Ω|. We also
plot the corresponding HF field BHF against the initial spin
poalrization (note the scale is on the top frame of the figure).
In Regime (iii), with 〈|ΩHF(k)|〉 ≫ |Ω|, the HF ef-
fective magnetic field acts as a static magnetic field. In
this situation, the system returns to the longitudinal con-
figuation as a large static magnetic field, i.e., the large
HF effective magnetic field parallel to the spin polar-
ization. Accordingly, from Eq. (4), the SRT is effec-
tively enhanced due to the suppression of the inhomo-
geneous broadening by this large HF effective magnetic
field. Therefore, the SRT increases with the increase of
the initial spin polarization.
In Regime (ii), one finds that the HF effective magnetic
field is in the intermediate regime between Regimes (i)
and (iii). The HF effective magnetic field not only acts
as a rotating magnetic field around the Zeeman field, but
also plays the role of a static magnetic field. Specifically,
when this effective static magnetic field is much smaller
than the Zeeman magnetic field, its influence to the trans-
verse spin relaxation can be revealed analytically. In this
situation, by noting that there exists a strong magnetic
field in the plane of QWs, the in-plane component of this
effective static magnetic field can be neglected. There-
fore, we keep the zˆ-component BHFz of the effective static
magnetic field in the KSBEs, and obtain the transverse
SRT when ωz ≡ |g|µBBHFz ≪ |Ω| (refer to Appendix A),
τ∗−1sz = τ
−1
sz +
〈
ω2zΩz(k)
2
τk,1/Ω
2
〉
. (15)
Hence the effective static magnetic field provides an ad-
ditional spin relaxation channel to the transverse spin
relaxation. The underlying physics can be understood as
follows. Considering the total magnetic field Ωtot from
the Zeeman (Ω) and effective static fields (ωz), when
ωz ≪ |Ω|,
Ωtot =
√
Ω2 + ω2z ≈ Ω+ ω2z/(2Ω). (16)
Accordingly, the perpendicular and parallel components
of the SOC field to Ωtot read
Ω⊥(k) ≈ Ωz(k)[1− ω2z/(2Ω2)] (17)
and
Ω‖(k) ≈ Ωz(k)ωz/Ω, (18)
respectively. Obviously, the perpendicular component of
the SOC field [Eq. (17)] again leads to the anomalous DP
spin relaxation and the parallel one [Eq. (18)] provides
the additional spin relaxation channel [One can easily re-
cover the additional term in Eq. (15) by using the relation
for conventional DP spin relaxation: τ−1s = 〈Ω‖(k)
2
τk,1〉
(Refs. 1–8)]. Accordingly, with the increase of the initial
spin polarization, and hence the effective static magnetic
field, the SRT decreases.
As for the situation with Ni = 2Ne, the transverse spin
relaxation is in the normal strong scattering regime. In
this regime, the SRT can be enhanced due to the sup-
pression of the inhomogeneous broadening by the HF ef-
fective magnetic field.28–30 Therefore, the SRT increases
with the increase of the initial spin polarization.
We then turn to the longitudinal spin relaxation. No
matter the impurity density is low with Ni = 0.003Ne or
high with Ni = 2Ne, it is shown in Fig. 2(b) that when
the spin polarization is parallel (antiparallel) to the mag-
netic field, the SRT increases (first decreases and then in-
creases) with the increase of the initial spin polarization.
By noting that the spin polarization is along the Zeeman
magnetic field, the HF field can be treated as a static ef-
fective magnetic field along the Zeeman field. When the
spin polarization is parallel to the magnetic field, the SRT
7is enhanced due to the enhancement of the total magnetic
field |Ω+ΩHF(k)| and hence the suppression of the inho-
mogeneous broadening by the HF effective magnetic field
[Eq. (4)]. When the spin polarization is antiparallel to
the magnetic field, if the initial spin polarization is small
(large) with 〈|Ω+ΩHF(k)|〉 < |Ω| [〈|Ω+ΩHF(k)|〉 > |Ω|],
the SRT decreases (increases) with the increase of the
initial spin polarization due to the enhancement (sup-
pression) of the inhomogeneous broadening by the HF
effective magnetic field.
2. All relevant scatterings
In this part, we analyze the genuine situation with all
the relevant scatterings. These results are plotted as red
chain curves in Fig. 2. As the electron-impurity scat-
tering is dominant for the situations with Ni = 2Ne,
and hence the SRT is uninfluenced by the other scatter-
ings, in the following we only focus on the situations with
Ni = 0.003Ne.
For the transverse spin relaxation [Fig. 2(a)], similar to
the situation with only the electron-impurity scattering,
when the spin polarization is extremely small (large), the
SRT is enhanced due to the suppression of the inhomo-
geneous broadening by the extremely weak (strong) HF
field; when the spin polarization is in the intermediate
regime, the SRT is suppressed due to the additional spin
relaxation channel [Eq. (15)]. Moreover, the SRT can
be suppressed due to the suppression of the momentum
relaxation by the electron-electron scattering.
Very different from the transverse configuration, some
new features arise for the longitudinal spin relaxation
when the other relevant scatterings are included. It is
shown in Fig. 2(b) that when the initial spin polariza-
tion is antiparallel to the magnetic field, similar to the
situation with only the electron-impurity scattering, the
SRT also shows a basin with the increase of the initial
spin polarization. However, in the parallel configuration,
the polarization dependence of the SRT is very different
from the case with only the electron-impurity scattering.
The SRT shows a peak and a basin with the increase of
the initial spin polarization. For the parallel configura-
tion, from Eq. (4), one finds that on one hand, the SRT
can be enhanced due to the suppression of the inhomo-
geneous broadening by the HF field; on the other hand,
the SRT can be suppressed due to the enhancement of
the momentum relaxation. In our situation, with the in-
crease of the initial spin polarization, the population of
the electrons in the k-space is broadened and hence the
electron-electron scattering is enhanced. Our calculation
shows that in the intermediate spin polarization regime,
the influence of the electron-electron scattering to the
spin relaxation is more important than the HF field, lead-
ing to the decrease of the SRT with the increase of the
initial spin polarization. Moreover, for the antiparallel
configuration, the enhancement of the momentum relax-
ation also influences the spin relaxation, leading to the
SRT decreasing faster than the situation with only the
electron-impurity scattering.
III. SUMMARY
In summary, we have investigated the role of the HF
self-energy, acting as an effective magnetic field, to the
anomalous DP spin relaxation in InAs (110) QWs un-
der the strong magnetic field in the Voigt configuration,
whose magnitude is much larger than the spin-orbit-
coupled field. The transverse and longitudinal spin re-
laxations are considered both analytically and numer-
ically. Some intriguing features beyond expectation are
revealed, which arise from the unique form of the effective
inhomogeneous broadening due to the mutually perpen-
dicular spin-orbit-coupled field and strong Zeeman field.
For the transverse configuration, we find that the be-
havior of the spin relaxation is very sensitive to the HF
effective magnetic field. Very different from the con-
ventional DP spin relaxation,29–31 in our situation, even
with extremely small spin polarizations P > 0.02%, the
spin relaxation is significantly influenced by the HF field.
Specifically, when P . 0.02%, the spin relaxation can
be divided into four regimes: the normal weak scatter-
ing regime, the anomalous DP-like regime, the anoma-
lous EY-like regime and the normal strong scattering
regime.11 However, even a slightly increase of the spin
polarization with P = 0.1%, these behaviors are signifi-
cantly influenced by the HF field: the normal weak scat-
tering regime vanishes and the whole scattering regime
lies in the strong scattering limit, with the EY-like be-
havior in the original normal weak scattering regime now
contributed by the HF field. This arises from the suppres-
sion of the effective inhomogeneous broadening by the HF
field. Interestingly, if one further increases the spin po-
larization (P & 1%), the effective inhomogeneous broad-
ening is further suppressed and hence the SRT is divided
into two rather than four regimes: the anomalous EY-like
regime and the normal strong scattering regime. These
marked influence of such small spin polarizations on the
spin relaxation arises from the fact that this unique effec-
tive inhomogeneous broadening is very small and hence
sensitive to the HF field.
Moreover, we further find that in the spin polariza-
tion dependence, there exsits three regimes for the trans-
verse spin relaxation, showing a peak and a valley with
the increase of the spin polarization. This is very dif-
ferent from the conventional DP spin relaxation, where
the SRT increases monotonically with the increase of the
spin polarization.28–31 Specifically, we reveal that the de-
crease of the SRT with the increase of the spin polariza-
tion comes from the additional spin relaxation channel
provided by the HF field in the intermediate spin polar-
ization regime.
For the longitudinal configuration, we find that the HF
field, acting as an effetive static magnetic field, influences
the magnitude of the total magnetic field along the di-
8rection of the Zeeman field. No matter the initial spin
polarization is small or large, the spin relaxation is di-
vided into two regimes: the anomalous EY-like regime
and the normal strong scattering regime. Furthermore,
it is found that the longitudinal spin relaxation can be ei-
ther suppressed or enhanced by the HF effective magnetic
field if the spin polarization is parallel or antiparallel to
the magnetic field.
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Appendix A: Derivation of Eq. (15)
We analytically derive Eq. (15) based on the KS-
BEs with the weak out-of-plane static magnetic field
(along the zˆ-axis) included. When the Zeeman mag-
netic field satisfies |Ω| ≫ 〈|Ωz(k) + ωz|〉, it is convenient
to solve the KSBEs in the helix space.33 In the helix
space, we further transform the KSBEs into the interac-
tion picture, and use the rotation wave and Markovian
approximations.44,45
The KSBEs in the collinear space can be written as2
∂tρk + i[Ωz(k)σz/2, ρk] + i[Ωσx/2, ρk] + i[ωzσz/2, ρk]
+
∑
k′
Wkk′(ρk − ρk′) = 0, (A1)
in which Wkk′ = 2pi|Vk−k′ |2δ(εk − εk′) describes the
electron-impurity scattering. For simplicity, we retain
only the linear-k term in the Dresselhaus SOC, i.e.,
Ωz(k) = αkx with α ≡ −γD〈k2z〉/2.
We then transform the KSBEs [Eq. (A1)] from the
collinear space to the helix one by the transformation
matrix
Uk =


−Ω√
Ω2 +Ω2−
−Ω√
Ω2 +Ω2+
Ω−√
Ω2 +Ω2−
Ω+√
Ω2 +Ω2+

 , (A2)
with Ω± = (αkx + ωz) ± ωtot. Here, ωtot =
√
Ω2 + (αkx + ωz)2 is the total magnetic field. When the
strong Zeeman magnetic field satisfies |Ω| ≫ |αkx + ωz|,
Eq. (A2) can be simplified into
Uk ≈ 1√
2
(
Ak − αkx + ωz2Ω Ak +
αkx + ωz
2Ω
Ak +
αkx + ωz
2Ω −Ak +
αkx + ωz
2Ω
)
,
(A3)
with Ak ≡ −1 + (αkx + ωz)2/(8Ω2). After the transfor-
mation, the KSBEs in the helix space become
∂tρ
h
k
+
i
2
ωtot[σz′ , ρ
h
k
] +
∑
k′
Wkk′(ρ
h
k
− ρh
k′
)
+
∑
k′
Wkk′
α2(k′x − kx)2
4Ω2
(ρh
k′
− σy′ρhk′σy′)
+
∑
k′
Wkk′
iα
2Ω
(kx − k′x)[σy′ , ρhk′ ] = 0, (A4)
with the density matrix in the helix space being ρh
k
=
U †
k
ρkUk.
By taking the approximation
ωtot ≈ Ωtot + α2k2x/(2Ω) + αkxωz/Ω (A5)
with Ωtot defined in Eq. (16), we then transform the den-
sity matrix into the interaction picture as
ρ˜k = exp(iΩtotσz′t/2)ρ
h
k
exp(−iΩtotσz′ t/2). (A6)
By further defining the spin vector
S˜
l
k = Tr[ρ˜k,lσ], ρ˜k,l =
1
2pi
∫ 2pi
0
dφkρ˜ke
ilφk , (A7)
and applying the rotation wave approximation (|Ω| ≫
|αkx|), one obtains
∂S˜lk
∂t
+
Ωso(k)
2Ωτk,1
U1(t)
[
S˜
0
k(δl1 + δl−1)− (S˜1k + S˜−1k )δl0
]
+ U2(t)S˜
l
k + U3(t)(S˜
l−1
k + S˜
l+1
k ) = 0, (A8)
with Ωso(k) ≡ αk and δij being the Kronecker symbol.
Here, the matrices U1(t) to U3(t) are defined by
U1(t) =

 0 0 − cos(Ωtott)0 0 − sin(Ωtott)
cos(Ωtott) sin(Ωtott) 0

 , (A9)
9U2(t) =


1
τk,l +
Ω2so(k)
4Ω2τk,1
δl0
Ω2so(k)
4Ω 0
−Ω
2
so(k)
4Ω
1
τk,l +
Ω2so(k)
4Ω2τk,1
δl0 0
0 0 1τk,l +
Ω2so(k)
2Ω2τk,1
δl0


, (A10)
and
U3(t) =


0
Ωso(k)ωz
2Ω 0
−Ωso(k)ωz2Ω 0 0
0 0 0

 . (A11)
In Eq. (A8), by keeping terms |l| ≤ 2 and applying the
Markovian approximation, the transverse SRT is there-
fore
τsz(k)
−1 ≈ Ω
4
so(k)τk,2
32Ω2
+
Ω2so(k)τk,1
4(1 + Ω2τ2k,1)
+
ω2zΩ
2
so(k)τk,1
2Ω2
.
(A12)
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